Abstract. We prove the Freiheitssatz for free associative algebras over any field. This extends the previous result of Marker-Limanov and immediately implies the Freiheitssatz for free restricted Lie algebras and free Lie algebras. We prove the Freiheitssatz for free Poisson algebras over a field of characteristic zero. This answers a question of MarkerLimanov and Umirbaev in the affirmative.
Introduction
Among the important and deep results about the structure of free associative algebras are the Bergman Centralizer Theorem over any field [1] and Marker-Limanov's proof of Freiheitssatz over a field of characteristic zero [7] . Bergman Centralizer Theorem states that the centralizer of any nonconstant element in a free associative algebra over any field is a polynomial algebra in one variable. Let F X denote the free associative algebra on a set X over a field F. We first give a new proof of Freiheitssatz for free associative algebras over any field, thus extending Marker-Limanov's result. For previous progress on Freiheitssatz for free associative algebras see [3, 4, 5] . We denote by (u) the ideal of F X generated by an element u ∈ F X . Theorem A. Let u ∈ F X such that u depends on a generator x 0 ∈ X. Then X \ x 0 is a free generating set for the algebra generated by X \ x 0 in F X /(u). In other words, F X \ x 0 ∩ (u) = 0.
We prove Theorem A in Section 2. One can deduce the Freiheitssatz for free Lie algebras and free restricted Lie algebras from Theorem A. Freiheitssatz was originally started by Magnus [6] with his work on free groups and for free Lie algebras it was first proved by Shirshov [12] .
Note that when we deal with restricted Lie algebras, the ground field F has positive characteristic p. Recall that the free restricted Lie algebra L on X is the restricted subalgebra of F X generated by X whereas the Lie subalgebra H of F X generated by X is the free Lie algebra on X. We denote by u the restricted ideal of L generated by u. The Freiheitssatz for free restricted Lie algebras is as follows and this answers Problem 12.5.14 in [9] .
Corollary B. Let u ∈ L such that u depends on a generator x 0 ∈ X. Then X \ x 0 is a free generating set for the restricted Lie algebra generated by X \ x 0 in L/ u .
Our next main result is about free Poisson algebras. Free Poisson algebras has been recently used by Shestakov and Umirbaev [11] to prove the wellknown Nagata Conjecture on automorphisms of polynomial algebras. Recall that a Poisson algebra P over a field F is a commutative associative algebra with the multiplication · which further posses a Poisson bracket [ , ] such that P is a Lie algebra under [ , ] and P satisfies the Leibniz identity:
Let H be the free Lie algebra on X and let e 1 , e 2 , . . . be a homogeneous F-basis of H. The free Poisson algebra P X is the polynomial algebra F[e 1 , e 2 , . . .] as a vector space but P X also posses a Poisson bracket induced from the Lie bracket of H using the Leibniz identity. It is well known that P X does not depend on the F-basis of H, see [10] , for example.
Makar-Limanov and Umirbaev in [8] proved the following analog of the Bergman Centralizer Theorem [1] for free Poisson algebras.
Theorem C ([8]). The centralizer of any non-constant element in a free
Poisson algebra over a field of characteristic zero is a polynomial algebra on a single variable.
The authors in [8] then raised the question that whether the Freiheitssatz is true for free Poisson algebras. An affirmative answer to this question is provided by the following theorem and its proof is presented in Section 3. We use (f ) to denote the Poisson ideal of P X generated by an element f ∈ P X . Theorem D. Let P X be the free Poisson algebra on X over a field of characteristic zero. Let f ∈ P X such that f depends on a generator x 0 ∈ X. Then P X \ x 0 ∩ (f ) = 0.
Proof of Theorem A
It is well-known that F X is a graded algebra where the elements of X are monomials of degree one and if u and v are monomials of degree m and n then uv is a monomial of degree m + n.
Let u ∈ F X . The leading term of u, denoted byū, is the homogeneous component of u of largest degree. Also, degree of u, denoted by deg(u), is defined to be deg(ū). For u = 0, we defineū = 0 and deg(u) = 0. We order X in some way and compare monomials lexicographically. The largest monomial ofū is denoted byũ.
Proof of Theorem A. Let f, g ∈ F X such that f ug ∈ F X \ x 0 . It is enough to prove thatũ also depends on x 0 . Indeed, ifũ depends on x 0 then f ug =fũg depends on x 0 and so f ug = 0. Suppose to the contrary thatũ does not depend on x 0 . Since f ug does not depend on x 0 , we deduce that f andg does not depend on x 0 . We write u = u 1 + u 2 where u 1 is sum of the terms in u that depends on x 0 and u 2 is sum of the terms in u that does not depend on x 0 . So both u 1 
Proof of Theorem D
Recall that a Poisson algebra P over a field F is a commutative associative algebra with the multiplication · which further posses a Poisson bracket [ , ] such that P is a Lie algebra under [ , ] and P satisfies the the Leibniz identity:
An important class of Poisson algebras is given by the following construction. Let H be a Lie algebra with an F-basis e 1 , e 2 , . . .. Denote by P (H) the polynomial algebra on the variables e 1 , e 2 , . . .. The Lie bracket of H extends to a Poisson bracket on P (H) using the Leibniz identity and P (H) becomes a Poisson algebra [10] . Now let H be the free Lie algebra on X. It is well known (see, for example [10] ) that P (H) is the free Poisson algebra on X and so P (H) does not depend on the choice of basis of H. We denote the free Poisson algebra on X by P X .
In order to prove Theorem D, it is enough to assume that X is finite. So we let X = {x 0 , . . . , x n } and choose a homogeneous basis of H consisting of left-normed commutators
Let us denote this basis by e 1 , e 2 , . . .. The algebra P X coincides as a vector space with the algebra of commutative polynomials on the e i 's and inherits a grading by setting deg(x i ) = 1. We consider the natural ordering on the e i 's, that is to say e i ≤ e j if dege i ≤ dege j . We are now ready to prove Theorem D.
Proof of Theorem D. Let g be a non-zero element in F[e 1 , e 2 , . . .] such that [f, g] ∈ P X \x 0 and [f, g] = 0. Let S f be the set of all e i 's that are involved in f . Let e be the minimal element of S f that involves x 0 . Without loss of generality, we assume that e is also the minimal element of S g that involves x 0 . We can write f and g as follows:
where f m , g n = 0 and the f i and g k do not involve e. We fix f such that deg e (f ) is minimum, so m ≤ n. We may also choose g so that deg e (g) is minimum and 0 = [f, g] ∈ P X \ x 0 . Now we have
where e / ∈ S d i for every i. Note that d m+n = [f m , g n ] = 0. Thus, by Theorem C, there exists a ∈ F[e 1 , e 2 , . . .] such that f m , g n ∈ F[a]. We assume that the degree of a is minimum, that is a itself is not a polynomial in some b ∈ F[e 1 , e 2 , . . .]. Let f m = h(a) and g n = q(a). Notice that
Hence,
Now we see that
, unless a ∈ F. But a does not involve e. We deduce that either a ∈ F or mh(a)q ′ (a) − nq(a)h ′ (a) = 0. In either case, it follows that Thus, c ∈ F[a], by Theorem C. Suppose that c / ∈ F. The case c ∈ F can be considered in the same way and yet the terminology would be much simpler. It follows from mh(a)q ′ (a) − nq(a)h ′ (a) = 0 that ms = nr. Furthermore, 
Also, the coefficient of e m+n−2 in the term
is equal to
where
So,
Since a and w do not involve e, we get u = 0, by Theorem C. In particular, d = 0. We now observe that 
